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I. Introduction

NEVERAL survey papers exist in the field of structural opti-
mization!5%129,138,157 covering optimization algorithms, con-
straint approximations, sensitivity analysis, shape optimization,
multilevel decomposition, etc. This paper covers structural optimi-
zation with dynamic frequency constraints because of its impor-
tance in structural design. A large number of publications have ap-
peared on this topic, covering a wide variety of related problems
such as flutter control, buckling, structure/control design, etc. The
following topics are addressed in this review: how the frequency
considerations influence the structural design, their sensitivity, and
constraint approximations, and how different types of optimization
algorithms are used in solving the frequency problem.

The optimal design of structures with frequency constraints is
extremely useful in manipulating the dynamic characteristics in a
variety of ways. For example, in most low-frequency vibration
problems, the response of the structure to dynamic excitation is
primarily a function of its fundamental frequency and mode shape.
In such cases, the ability to manipulate the selected frequency can
significantly improve the performance of the structure. Similarly,
the aeroelastic characteristics of an aircraft wing are governed pri-
marily by its torsional and bending properties, which can best be
studied by the lower torsional and bending modes. In aircraft de-
sign, frequency requirements are often imposed on control sur-
faces and major structural components as flutter prevention mea-
sures. In designing most space vehicles, it is highly desirable to
restrict several of the lower mode structural frequencies to pre-
scribed ranges to avoid coupling with the control system. In fact,
in most narrow-band excitation problems, controlling the frequen-
cies in the critical range is tantamount to controlling the dynamic
response.

The most common problem in frequency optimization seems to
be the switching of vibration modes due to structural size modifi-
cations. One may not be optimizing or following the same bend-
ing, torsion, or axial mode as the design changes. Mode switching
causes convergence difficulties to the optimizer. In some cases,
such as in turbomachinery, it is not clear whether the design modi-
fications switched the mode shapes or the structural sizes triggered
multiple frequency paths beyond the bifurcation point. Another
concern is that the amount of material that would be necessary to
attain an arbitrarily prescribed frequency can be disproportionally
high, thus yielding a design that is completely impractical. In some
cases, an upper bound on the maximum frequency can be attained

for a given configuration irrespective of the amount of material
used. Finally, the structural weight minimization results in very
closely spaced natural frequencies, and their range decreases con-
siderably. Some structures at the optimum designs exhibit repeated
eigenvalues even though the initial design did not have any. The
closeness and repeated nature of eigenvalues pose a tremendous
challenge for the controls engineer. _

This review article is organized as follows based on the pub-
lished journal articles covering relevant disciplines: Sec. II states
the different forms of problem statements used in frequency opti-
mization; Sec. III discusses the sensitivity derivatives calculation,
particularly for repeated eigenvalues; Sec. IV describes the con-
straint approximations developed specifically for frequency con-
straints; Sec. V presents different types of optimization algorithms
used in solving the mathematical problem; Sec. VI gives frequen-
cy-related disciplines such as helicopter vibration reduction, buck-
ling, and closed-loop eigenvalues of the active control system;
and, finally, Table 1 categorizes and lists the previous work by the
type of structural applications.

II. Problem Statement
The structural optimization problem with frequency constraints
is posed in one of the following two ways:
1) Minimize structural weight f(x) subject to behavior con-
straints
)

g(x) =w-& =0 j=1,2..,k

¢9)
g(X) =@ -®20 j=k+tLk+2,...,m

Table 1 Frequency 0ptimization literature by area of application

Type of problem References

Arches 15,119,132,133

Beams/frames 7,16,17,28,40,50,60,78,80,86,109,131,147,152,155,181
Composites 14,20,85,87,93,99,140,160

Disks 36,37

Membrane 21,22,51,59,143,166

Plates 6,43,45,53,54,82,98,125,144

Shells 18,19,81,122,123,137,141,142

Truss 13,21,22,42,49,73,76,83,86,106,149,188

Blades 29,31,32,48,127
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2) Maximize the fundamental frequency or difference between
two consecutive frequencies subject to a specified weight con-
straint

g(x) =f(x)-f=0 03]

and side constraints on the design variables

xl.l < x £ xf 3)
where x; is the design variable, x/ is the lower limit, x is the
upper limit on the design variable, o; is the jth natural frequency,
®; is the specified value of the jth frequency, f(x) is the structural
weight, f is the specified weight, 7 is the number of design vari-
ables, and m is the number of design constraints.

The design variables depend on the type of optimization prob-
lem. In the design of structural components, such as stiffened pan-
els and cylinders, the design variables represent the spacing of the
stiffeners, the size and shape of the stiffeners, and the thickness of
the skin. If the skin and/or stiffeners are made of layered compos-
ites, the orientation of the fibers and their proportion can become
additional variables. In the optimization of a structural system
(frames, trusses, wings, fuselages, etc.) of fixed configuration, the
sizes of the-elements are design variables. The thickness of plates,
cross-sectional areas of bars, areas, moments of inertia, and tor-
sional constants of beams represent sizes of the elements. If the op-
timization includes configuration, the variables include spatial
variables. Also, in dynamic problems, the location of nonstructural
masses and their magnitudes can be considered as variables.

If only frequency constraints are considered in the optimization
problem, it is advisable to include nonstructural masses in the
structural model representing the fuel, payload, attachments, etc.
Also, in the earlier problem statement, when the objective is posed
as the maximization of the higher order frequency or the difference
between two consecutive frequencies, additional frequency con-
straints may have to be included to prevent driving all of the lower
frequencies to a zero value. Finally, the designs become more
practical with additional constraints such as stresses and displace-
ments under multiple load conditions.

III. Sensitivity Analysis

Sensitivity derivatives are used for studying the effect of para-
metric modifications, calculating the search directions for finding
an optimum design, constructing function approximations, and
conducting what-if tradeoff design studies. Recent surveys pre-
sented in Refs. 1 and 57 thoroughly cover the developments and
applications of the sensitivity analysis. In this section, sensitivity
analysis tools used in frequency optimization are discussed.

The eigenvalue problem is given as follows:

Ku=\Mu @

where K is the stiffness matrix, M is the mass matrix, X is the ei-
genvalue, and u is the eigenvector. The derivatives of the distinct
eigenvalues using the orthogonality conditions are given as

N =K - \Mu &)

where a prime denotes a derivative with respect to the design vari-
able.

Fox and Kapoor* presented methods for calculating the eigen-
value and eigenvector derivatives of symmetric matrices. Two
methods were presented for eigenvector gradients. In the first
method, the algebraic eigenvalue problem was differentiated with
respect to the design variables, and after the algebraic manipula-
tions were carried out, the derivatives were calculated. The banded
nature of the equations was disturbed in this approach. In the sec-
ond method, the derivative was expanded as a series of eigenvec-
tors. Later, Nelson'® developed an alternate procedure for the ei-
genvector derivatives while retaining the banded nature of
matrices. Pritchard et al.'® developed an expression for the deriva-

tive of the nodal location of the mode shape with respect to the de-
sign variable for one-dimensional structures. Sutter et al.'$? com-
pared four methods for calculating the derivatives of vibration
modes with respect to the design parameters. They concluded that
Nelson’s method was superior because it was exact and required
less computer time.

The sensitivity calculation of repeated eigenvalues has been in-
vestigated by several researchers. Repeated eigenvalues are not
differentiable, and only directional derivatives can be found. Ref-
erences 10, 33, 64, and 105 solved structural optimization prob-
lems with repeated eigenvalues by employing directional deriva-
tives. For the real symmetric case, a generalization of Nelson’s
method, which preserves the bandedness of the matrix, was pre-
sented in Refs. 34, 101, and 111. The complications in sensitivity
computation are related to the fact that the eigenvectors of the re-
peated eigenvalues are not unique. The eigenvalue derivatives for
repeated roots can be found by solving a subeigenvalue problem

[@K — AM)YD — XMIla=0 ©)

where ® consists of eigenvectors corresponding to repeated roots,
a is a coefficient vector, and I is an identity matrix. The eigenval-
ues of Eq. (6) represent the A vector.

Reduced-order models were used in computing sensitivities for
both the repeated and nonrepeated frequencies in Ref. 30. Hou and
Chuang® developed eigenvalue and eigenvector sensitivity equa-
tions of continuous beams subjected to the variations of support lo-
cations. Both the domain and the boundary methods were em-
ployed in their derivations.

IV. Constraint Approximations

A recent paper by Barthelemy and Haftka® reviewed function
approximations used in structural optimization by classifying them
as local, medium-range, and global types. Most of the generally
available approximation techniques are applicable to frequency
functions, but several researchers developed high-quality approxi-
mations just for frequency problems?3102160175.187 1 get a stable
convergence with less restrictive move limits.

Because of the inherent nonlinear characteristics of natural fre-
quency constraints, Miura and Schmit'%? employed a second-order
Taylor series approximation for each eigenvalue for improving the
stability and overall efficiency of the synthesis process. Their stud-
ies revealed that the eigenvalues are highly nonlinear in both direct
and reciprocal design variable space, requiring strict move limits.
Although the second-order approximation provided stable conver-
gence without strict move limits, they reported that the total com-
putational time was “comparable with that required using first-
order approximation with move limits.” Starnes and Haftka's’ and
Fleury and Braibant** have shown that a hybrid constraint using
mixed variables (i.e., a combination of direct and reciprocal vari-
ables) yields a more conservative approximation. Woo'¥” general-
ized the concept in his generalized hybrid constraint (GHC)
approximation, where a variable exponent controls the conserva-
tiveness of the convex approximation, and demonstrated the con-
cepts on a space frame structures design. Second-order approxi-
mations using a half-quadratic scheme, a generalized power ap-
proach, a generalized method of moving asymptotes, and a full
second-order Taylor approximation were presented in Ref. 103.
Based on the computational cost, the authors concluded that the
second-order approximations may be used for difficult-to-solve
problems, and for less sensitive problems the approximate second-
order information is recommended. Pritchard and Adelman'* pre-
sented an interesting approach by interpreting the sensitivity ex-
pressions as differential equations and obtained closed-form expo-
nential approximations for eigenvalues and eigenvectors. The
quality of approximations was better than the linear models.

Even though the nonlinearity of frequencies is readily observed
through the appearance of cross-sectional variables in both the nu-
merator and denominator of Rayleigh’s quotient, Venkayya and
Tischler!” have pointed out that, in practical structures, the de-
nominator (kinetic energy) is typically dominated by the nonstruc-
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tural mass. In this case, the eigenvalues are more nearly linear in
the cross-sectional property (direct design variable space). Vander-
plaats and Salajegheh'’> demonstrated improved quality using a
linear approximation of the eigenvalues with respect to the mem-
ber section properties of frame elements when the optimization de-
sign variables were cross-sectional dimensions. No attempt was
made to create a convex or separable form of the optimization
problem.

The optimality criterion approach presented by Venkayya and
Tischler'’® and Grandhi and Venkayya*-! suggest that the modal
strain and kinetic energies may be better quantities to approximate
than the eigenvalue. Canfield?® developed the Rayleigh quotient
approximation (RQA) by censtructing first-order approximations
to the modal strain and kinetic energies independently:

‘K U
p= 2R )
’ u“'Mu TA :

where U, and T, are the first-order approximations for modal
strain and Kinetic energies, respectively. He obtained fast and sta-
ble convergence with generous move limits. In fact, the concept is
similar to an alternative approximation proposed by Fox and
Kapoor,*® except that here the eigenvector’s first-order estlmate
was not used.

-V. ' Algorithms Used in Frequency Optimization

Design optimization, unlike analysis, is a multivalued problem.
In general most optimization problems do not have a unique solu-
tion. The usual procedure is to establish a set of necessary and suf-
ficient conditions. for an optimum and then construct an algorithm
that systematically leads to a solution that satisfies such condi-
tions. The uncertainty. about the nature of the absolute optimum
fostered the development and improvement of numerous optimiza-

tion algorithrhs. Several methods are being developed and used in -

solving the frequency optimization problem, and these are broadly
classified as 1) mathematical programming (MP) techniques, 2)
optimality criteria (OC) methods, 3) optimal control techniques,
and 4) other methods.

This classification can be quite nebulous because there can be a
great deal of overlapping due to the fact that the concepts devel-
oped in one method are being adopted in the other methods for im-
proving the efficiency and convergence stability. For example, in
mathematical programming, a standard optimization algorithm is
established, then the constraint approximations are constructed for
the behavior functions, and the design variables are updated itera-
tively by using search directions. In the OC approach, first the op-
timality criterion is derived, and it is satisfied recursively by con-
structing an algorithm making use of function approximations
based on the nature of active constraints. The work of Fleury and
Braibant* utilizes concepts of both methods in developing dual
methods.

The mathematical programming methods include linear, nonlin-
ear, geometric, and integer programming methods. In this review,
the OC methods include the variational approach used in deriving
the optimality criterion in an integral form for the continuous prob-
lems. Application of the optimal control theory is very limited in
structural optimization, and not much activity appeared in this area
during the 1980s,

A. ' Mathematical Programming Techniques -

Frequency optimization problems were solved by various math-
ematical programming methods. The penalty function methods
were used the most!319.27:30.72139.143 among these methods. Other
methods such as feasible directions,*247:85,123 gradient projection
method,'*®- multiplier algorithms,'s' sequential linear program-
ming,3*'% sequential quadratic programming,®! etc., were also
used. Felix and Vanderplaats*? presented optimum configuration
designs of three-dimensional trusses using the multilevel optimiza-
tion technique with stress, displacement, Euler buckling, and natu-
ral frequency limits. The optimum configurations were strongly

dependent on the type of constraints imposed on the design. Per-
formance of sensitivity analysis methods'’? and optimization algo-
rithms [recursive quadratic programming, feasible directions, gra-
dient projection, sequential unconstrained minimization technique
(SUMT), and multiplier methods] using multiple constraints in-
cluding frequency were compared in Refs. 12 and 21 w1th the goal
of identifying reliable and efficient methods.

“Recently, the sensitivity analysis and frequency optimization are
carried out by using the large-scale, general purpose, finite ele-
ment-based multidisciplinary computer programs. Neill et al.!'”’
discussed the development and use of the automated structural op-
timization system (ASTROS) with wing structure examples. So-
mayajula and Bernard'*®® used MSC/NASTRAN sensitivities in
optimizing the plate and pipe problems. Kodiyalam et al.*® devel-
oped the shape and size design optimization capabilities in MSC/
NASTRAN and demonstrated on various types of structural appli-
cations. The most recently developed GENESIS!™ code was de-
signed and written from the start to perform structural design in the
multidisciplinary environment. The féasible- directions algorithm
was used with constraint approximations and move limits in both
the computer programs. Among the mathematical programming
methods, the feasible directions algorithm is still widely used with
state-of-the-art constraint approximations because of its efficiency
and robustness in solvmg the multldlscrplmary optimization prob-
lems.

B. Optimality Criteria Methods

In this subsection, the previous work done using the optimality
criteria is divided into two categories: the continuous approach
(distributed systems) and the discrete approach. The resulting inte-
grodifferential equations and their solutions are continuous func-
tions of spatial variables in continuous -approach, whereas the
equations are algebrarc in drscrete approach.

Continuous Approach

Derivations of the optimality equations using the variational
methods deal with the extremum of a function of functions. The re-
sulting solution is not an extremum point, but one or more func-
tions, which are represented by differential equations. The solu-
tions of these differential equations represent the optimal path or
all optimal points in the domain of definition. Most often they are
nonlinear, strongly coupled integrodifferential equations, and find-
ing the solution in closed form is difficult except in the case of
very simple problems. Multidisciplinary design as an optimization
problem becomes even more intractable in the context of varia-
tionat calculus.!30

Niordson!!° was the first one to use this approach in demonstrat-
ing that the fundamental frequency of transverse vibration can be
maximized by tapering the beam. Following this work, several re-
searchers used the distributed systems approach for solving beam
and plate problems with various boundary conditions.5-17-25:26,39-
41,70,71,153,167,168,183 Olhoff!12-11# solved these equations numerically
by a successive iteration procedure based on a finite difference dis-
cretization. The maximization of higher order frequencies, sensi-
tivity of the eigenvalue relative to geometric imperfections, and
consideration of interior support positions as design variables were
presented by Olhoff.!'® The maximization of the difference be-
tween the adjacent frequencies was also addressed by this ap-
proach.'20

Using the calculus of variations approach, researchers formulat-
ed a bimodal optimization problem to maximize the fundamental
frequency of shallow arches.!!®'%%133 A limit to the maximum at-
tainable fundamental frequency is associated with any given mini-
mum constraint value for the cross-sectional height without a fur-
ther increase in the arc length.!'® Necessary and sufficient con-
ditions for the optimum design with repeated eigenvalues were
presented by Masur.*%2

Discrete Approach
As evidenced from the literature, the OC approach for

the structures modeled with finite elements has been used
widely, Z2.67-69.83,95.146,148-150,159,174,182.184
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The OC algorithm presented by Venkayya et al.'”’ consisted of
three fundamental steps: structural analysis, scaling, and resizing.
Several other researchers did not employ the scaling step,™*16>18
but they directly used the resizing algorithm. A recurrence relation
derived from the optimality criterion is used to modify the design
variables. The optimality criterion is obtained by differentiating
the Lagrangian with respect to the design variables. The essence of
the optimality criterion is that at the optimum the weighted sum of
the Lagrangian energy density must be the same in all of the ele-
ments. The optimality condition consists of the gradients (con-
straints and objective function) and Lagrange multipliers. In the
case of a single constraint, the evaluation of the Lagrange multi-
plier was avoided by assuming it to be equal to unity,'”® and the
designs were scaled to the feasible region. However, when more
than one constraint is active, the Lagrange multipliers were com-
puted for achieving better convergence. Khot”® used a set of simul-
taneous linear equations to determine the Lagrange multipliers.
Grandhi and Venkayya*-*! approximated these values by using
simple expressions derived from single constraint conditions. The
step size control using an adaptive procedure was presented in
Refs. 96, 97, and 128. The implicit assumption in all of these pa-
pers was that the mode shapes change only insignificantly during
the design cycles. ‘

Further advances made by Venkayya and his co-workers gener-
alized the OC methods to include multiple behavior constraints
through a compound scaling technique. Grandhi et al.>® applied the
generalized compound scaling method in designing the plate struc-

tures with multiple behavior constraints where the behavior func- -

tions were nonlinear functions of design variables.

Besides the structural size variables, the finite element nodal co-
ordinates were considered as additional design variables in Refs.
86 and 149. An algorithm suitable for repeated eigenvalues is pre-
sented in Ref. 165.

C. Optimal Control Techniques

The application of techniques based on optimal control theory
has proven to be powerful when the nature of the structural mem-
ber is such that its behavior can be described by an ordinary differ-
ential equation in one independent spatial variable (one-dimen-
sional structure).94.130.163,185,186 Relatively few applications have
been made to the optimal design of structural members whose be-
havior is described by a partial differential equation in two inde-
pendent spatial variables (two-dimensional structures).*>61-63

Pontryagin’s principle of optimal control theory is used to de-
rive the necessary conditions for minimum mass design satisfying
the frequency constraint,'®*!76 In this, an integral function is mini-
mized by satisfying the differential equations of vibrations, bound-
ary values, and constraints in finding the thickness distribution as a
function of a spatial variable. Miele'® used the sequential ordinary
gradient-restoration algorithm (SOGRA) and the modified quasi-
linearization algorithm (MQA) for solving the one-dimensional
problems. A generalized steepest descent method for boundary-
value state equations was developed based on gradient-projection
and steepest programming methods.®%%63 One-and two-dimension-
al problems were solved with multiple constraints. As pointed out
in Ref. 62, the continuous optimal design approach is not directly
applicable to large-scale structures with many members, but it can
be used before fine discretization for detailed design.

D. Other Methods

Shin et al.'>* presented a simultaneous analysis and design ap-
proach for eigenvalue maximization for both unimodal and bimo-
dal solutions. The nonlinear algebraic equations were solved by
Powell’s method. Hajela and Shih® used multiobjective optimiza-
tion with mixed integer and discrete design variables. The global
criterion approach with a branch-and-bound strategy was used.
Tseng and Lu'” solved the multiobjective problem using goal pro-
gramming, compromise programming, and surrogate worth trade-
off methods where the maximization of the frequency was one of
the objectives. Frequency requirements were satisfied by using in-
verse iteration techniques where perturbation methods were em-
ployed in finding the modified structures.'>®

V1. Frequency-Related Problems
In this section, frequency optimization issues in structures-relat-
ed disciplines are discussed. For example, in the first two subsec-
tions, frequency is one of the many multiple constraints. Optimiza-
tion of the buckling problem is similar to the eigenvalue problem.

A, Structure/Control Optimization

Recently, the simultaneous design of space structures and their
control systems has received tremendous attention due to the re-
ductions realized in structural weights, control efforts, and im-
provements in closed-loop performance. The integrated design ap-
proach optimally modifies both the structural properties and the
control system characteristics to meet the stringent space structure
requirements. The integrated optimization problem included de-
sign constraints on transient response, actuator forces, nonstructur-
al mass locations and magnitudes, closed-loop eigenvalues, and
damping parameters. Because of a large number of publications
appearing on this subject, only some of the most recent papers that
use eigenvalue constraints are listed in this review to show an ac-
tive application of frequency-related optimization.>%%7-8121,179

Rew et al.*> presented a pole placement technique for obtaining
a robust eigenstructure using the state energy, control energy, and
stability robustness measure as the objective functions. A least-
squares approach was used in determining the well-conditioned
eigenvectors. Similar studies were conducted by Juang et al.%
Grandhi*? studied the synergistic effects of passive damping on
the optimum design using closed-loop eigenvalue constraints.
Khot and Veley”’ presented results for minimum weight design of
structures with constraints on the closed-loop frequency distribu-
tion, stability robustness of the closed-loop system, and damping
parameters. Thomas et al.'®® presented high-quality approxima-
tions for complex eigenvalues, steady-state harmonic displace-
ments, and control forces by using noncollocated control config-
urations. Multiobjective optimization of the minimum mass, con-
trol effort, and number of actuators was obtained using a utopian
formulation.!>! ‘

B. Helicopter Vibration Reduction

The principle source of helicopter vibrations is the main rotor.
Attempts to reduce vibration levels in the rotor involves multiple
disciplines (aerodynamics, dynamics, structures, and acoustics),
and these are very strongly interacting disciplines. A major re-
search thrust is under way at NASA Langley Research Center? for
the integrated design of rotorcraft. Blade design by including fre-
quency constraints is presented in Refs. 29, 35,48, and 127. Ana-
lytical sensitivity derivatives were developed for blade response,
hub loads, stability, and frequencies with respect to nonstructural
mass and blade geometry design variables.®* References 11 and
104 presented the helicopter airframe structures optimization prob-
lem. Adelman et al.* compared the optimization and experimental
results in placing the tuning masses for reducing the hub shear.

C. Buckling Problems

If the geometric stiffness consists of only linear terms with re-
spect to internal loads, then an eigenvalue problem may be solved
to determine the buckling load. The linearized buckling load of a
structure is given by the product of the fundamental eigenvalue
and the appropriate load vector. The design goal is to find the best
distribution of material that avoids global buckling. Similar to the
structural eigenvalue problem, the buckling design problem may
be defined as finding the minimum weight structure that satisfies a
prescribed buckling load, or alternatively it may be to maximize
the buckling load for a given volume or weight. Several research-
ers applied the structural eigenvalue optimization algorithms, con-
straint approximations, and sensitivity analysis tools for the buck-
ling problems. 19:24758290.124,134

VII. Summary Discussions
This paper presented a review of the structural optimization
with frequency constraints. Table 1 presents a summary of the fre-
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quency optimization literature by the area of application. The fol-
lowing remarks are made:

1) Much improved and economical designs may be obtained by
a simultaneous change in configuration (such as beam lengths,
boundary, or support conditions) coupled with structural size mod-
ifications. Limited work was published using shape/topology con-
siderations.

2) Not much work has been reported on the experimental valida-
tion of optimized designs with frequency requirements.? This is
one of the areas to pursue because the optimized designs are more
sensitive to the parametric uncertainties of the physical system.

3) Future research should also develop formal methods for mon-
itoring the mode-switching phenomenon in optimization. Recent
publications®*!"! utilized the modal assurance criterion, the higher
order eigenpair perturbations, and the cross-orthogonality checks
for tracking the modes.

4) More realistic designs can be obtained by including stress and
displacement constraints under multiple load conditions in the fre-
quency constraint problem.

5) Application of the frequency optimization in the smart struc-
tures field for vibration control needs to be addressed. Also, these
problems may be investigated using neural networks and genetic
algorithms.
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